The suprachiasmatic nucleus (SCN) is a principal circadian clock in mammals, which controls physiological and behavioral daily rhythms. The SCN has two main features: Maintaining a rhythmic cycle of approximately 24 h in the absence of a light-dark cycle (free-running period) and the ability to entrain to external light-dark cycles. Both free-running period and range of entrainment vary from one species to another. To understand this phenomenon, we investigated the diversity of a free-running period by the distribution of coupling strengths in our previous work [Phys. Rev. E 80, 030904(R) (2009)]. In this paper we numerically found that the dispersion of intrinsic periods among SCN neurons influence the entrainment range of the SCN, but has little influence on the free-running periods under constant darkness. This indicates that the dispersion of coupling strengths determines the diversity in free-running periods, while the dispersion of intrinsic periods determines the diversity in the entrainment range. A theoretical analysis based on two coupled neurons is presented to explain the results of numerical simulations.
I. INTRODUCTION
In mammals, a master clock located in the suprachiasmatic nucleus (SCN) controls physiological and behavioral daily rhythms [1] [2] [3] [4] . The SCN is composed of tens of thousands of self-sustained oscillating neurons. These individual neurons have nonidentical intrinsic periods ranging from 22 to 28 h, and synchronize to form a unitary SCN output [5, 6] . On the one hand, the SCN can sustain a rhythmic output that has a free running period close to but not exactly 24 h under constant darkness. On the other hand, the SCN is capable of adapting its endogenous period to the external light-dark cycle [7] [8] [9] [10] [11] .
The neurons of SCN form a heterogeneous network, which is often divided into two major subnetworks, a ventrolateral (VL) and a dorsomedial (DM) subnetwork [12] [13] [14] . Both subnetworks contribute to the SCN output, but they play different roles in the processing of light input information. The light input originates from the retina and enters the VL via the retinohypothalamic tract. About 25% of the total number of neurons in the SCN are light responsive [14, 15] . The VL relays information to the DM, whereas the DM has few feedbacks to the VL. The neurotransmitters in the VL and DM differ [16] [17] [18] [19] . The most important neurotransmitter in the VL is a vasoactive intestinal polypeptide (VIP), while the DM neurons are mainly characterized by arganine-vasopressin (AVP). Periods may vary in different regions of the SCN, with the DM running faster than the VL in slice cultures [20] . The VL and DM normally synchronize their periods through coupling pathways containing γ -aminobutyric acid (GABA). With a light-dark cycle that is outside the entrainment range of the SCN, the VL and DM can loose their synchronization. For example, in a 22 h light-dark cycle, in some rats, the VL is entrained to the external 22 h cycle, while the DM keeps its period close to the SCN endogenous period [21, 22] .
The entrainment range of an animal is defined as the range between its lower limit of entrainment and its higher limit of entrainment [9, 10] . Experiments have revealed that the entrainment range differs from one species to another [3] . For example, the entrainment range is from 23.5 h (lower limit of entrainment) to 24.9 h (higher limit of entrainment) for Peromyscus leucopus, from 22.8 to 26.5 h for Mus musculus, from 21.5 to 28.6 h for Homo sapiens, and from 14.9 to 32.4 h for Eutamias sibiricus [23] . For simplicity, either the lower limit of entrainment or the higher limit of entrainment is often used to represent the entrainment range, provided that the lower limit of entrainment and the higher limit of entrainment are symmetrically distant from the free-running period. In the present study we used the lower limit of entrainment (LLE) to represent the entrainment range of the SCN.
Two characteristic features of the SCN are the diversity of free-running periods in the absence of an external light-dark cycle among species and differences in the entrainment range. To understand these features, much experimental and theoretical work has been done [4, 9, 21, [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . These studies pointed out that the coupling (mainly through neurotransmitters, e.g., VIP, AVP, and GABA) is a very important characteristic for both features. Coupling not only synchronizes the nonidentical neurons, resulting in one single free-running period, but also plays a role in the ability of the SCN to entrain to a light-dark cycle [29] [30] [31] [32] [33] [34] [35] . However, the intrinsic properties of a single neuron have not received much attention. Experiments show that the synchronization of the SCN neurons is influenced by both the coupling properties and the properties of single neurons in aging animals [39] . According to the best of our knowledge, no theoretical work focuses on the effect of nonidentical neuronal oscillators on the overall SCN output. Considering that the intrinsic period among single neurons varies [5, 6] , we will analyze how the dispersion of periods influences the entrainment range of the SCN based on a Poincaré model.
The remainder of this paper is organized as follows. In Sec. II we introduce the Poincaré model. In Sec. III we discuss the effect of dispersion of periods among neurons on the freerunning behavior of the SCN in absence of a light-dark cycle. In Sec. IV we study the effect of dispersed intrinsic periods on the lower limit of the entrainment of the SCN. In Sec. V a twoneuron model is presented to provide a theoretical analysis for the effect of dispersed periods. Finally, we make a discussion and conclusion in Sec. VI.
II. THE POINCARÉ MODEL OF NONIDENTICAL SCN OSCILLATORS
In the field of circadian rhythms two major types of models are used to represent oscillatory behavior. The Goodwin model describes the oscillator in terms of a genetic feedback loop [29] [30] [31] [32] [33] [34] , while the Poincaré model uses a more general description for oscillators [11, 40] . We selected the Poincaré model for our numerical and theoretical analysis because of its generality and more straightforward way for performing theoretical analysis. We verified that using the Goodwin model does give qualitatively similar results.
In this paper we consider the Poincaré model with N nonidentical neuronal oscillators. The oscillators are coupled through a mean field. Only pN neurons are directly sensitive to the light signal, where p is a ratio of the total number of SCN neurons. We refer to the subnetwork that is composed of pN neurons as VL and the subnetwork composed of the remaining N − pN neurons as DM. Two values of p are considered, i.e., p = 0.25 resembling the experimental finding that 25% of the neurons in the SCN are light sensitive, and p = 1 to compare this situation to a situation where the SCN would be fully sensitive to light input. We use the normal distribution for the dispersion of intrinsic periods of the nonidentical oscillators. The Poincaré model has two variables, x and y, and can be described as follows:
where i denotes the ith oscillator, γ represents the relaxation parameter, and A 0 and τ σ i represent the amplitude and intrinsic period of the individual oscillator in the absence of a light-dark cycle. Here τ is a constant and is set to be 24 h, and σ i is satisfied with a normal distribution with mean value 1 and deviation μ. We use μ to represent the dispersion of intrinsic periods for the different individual oscillators. The oscillators are coupled through the mean-field term gF , where g represents the coupling strength and F is the mean value of variable x i . r i is the amplitude of the ith oscillator. L i represents the light term. r i and L i , respectively, are defined as
where K f represents the light intensity and is the angular frequency of the light-dark cycle. We consider the effect of parameters μ and K f on the SCN network in the following sections. The other parameters are set as γ = 0.05,A 0 = 1,g = 0.2,τ = 24.
In order to measure the degree of synchronization, we introduce the order parameter R defined as
where · t denotes the average over time and | · | means taking the absolute value. The phase θ is defined as θ = arctan y x in the Poincaré model. The phase difference φ of the SCN to the light-dark cycle is defined as φ =
The entrainment range of the SCN network is represented by its lower limit of entrainment (LLE) to light-dark cycles [11] . If the difference of periods between the SCN and the light-dark cycle is less than 0.00001 h, the SCN is considered to be entrained [11] .
To numerically calculate the equations, we use the fourth order Runga-Kutta method with time steps of 0.01 h. The initial 10 4 h is neglected to avoid the effect of transients. The number of oscillators is N = 100, with initial conditions selected randomly from a uniform distribution in the range (0,1) for each of the individual variables x i and y i in the model. We have also calculated the case of N = 400 and time steps of 0.001 h, which gave similar results (not shown).
III. FREE-RUNNING PERIOD AND LOWER LIMIT OF ENTRAINMENT OF THE SCN
First, we discuss the influence of the dispersion of intrinsic periods on the free-running period, i.e., the case under constant darkness with K f = 0. In this case, there is no difference between the VL and DM. Our numerical simulations show that the dispersion of intrinsic periods will seriously influence the collective behavior of the neurons. With the increase of the dispersion μ, the synchronization order parameter R decreases [ Fig. 1(a) ]. The order parameter R has two plateaus, showing different synchronization states with different values of μ. At low values of μ (less than 0.2), R is close to 1, indicating that the neurons are well synchronized. At high values of μ (larger than 0.3), R is approximately 0.3, which is an indication of poorly synchronized neurons. Between these two plateaus, i.e., 0.2 < μ < 0.3, there is a transition region. In the following we are interested in the region with well synchronized neurons and thus we restrict ourselves to the region of μ < 0.2. The free-running period T d is always approximate 26 h, and is independent of μ [ Fig. 1(b) ]. That is, the nonidentity of neurons does not influence the free-running period. We show an example of five randomly chosen oscillators with dispersion μ = 0.1 [ Fig. 1(c) ]. The period of the five oscillators is the same, indicating that they are well synchronized in phase, even though they show variations in the amplitude of the oscillations. We continue to study the influence of dispersed intrinsic periods among SCN neurons to the lower limit of entrainment (LLE), where we first consider all neurons to be sensitive to light (p = 1). In our previous paper we revealed that a dispersed coupling strength has an effect on the entrainment of the SCN to a light-dark cycle [33] . In this study we find that dispersed intrinsic periods of neurons also influence the ability of the SCN to entrain to external cues. We observe that increasing μ is beneficial for the entrainment range (Fig. 2) . In the figure, the y axis is reversed, in order to give the intuition that a lower value of LLE means a broader range of entrainment. For three light intensities K f , we observe that all curves increase monotonously with μ and their LLE decreased 1 h from dispersion μ = 0 to μ = 0.2, indicating an increase in range of entrainment at μ = 0.2.
To further study LLE, we investigate the properties of the SCN network in terms of the synchronization order parameter R, and the phase difference φ of the SCN with regard to the light-dark cycle [ Fig. 3(a) ]. The order parameter R is close to 1 when μ is near 0, indicating that the neurons are perfectly synchronized for each light intensity when the SCN is entrained to the LLE, i.e., the phase difference among neurons is close to 0. When μ is close to 0.2, the order parameter R is about 0.75, which implies that the phase difference among neurons is larger than in the case of μ around 0. The phase difference φ between the SCN network and the light-dark cycle when the SCN is entrained at its lower limit of entrainment is around π , and is slightly dependent on the dispersion μ, under each light intensity [ Fig. 3(b) ]. With μ > 0.10, φ is slightly more variable as compared to μ 0.10. To get more details about the synchronization (phase difference) among neurons and the phase difference of the SCN to the light-dark cycle, we will check a two-neuron system in the next section.
Finally, we consider the influence on LLE when the SCN is only partially sensitive to light. We take p = 0.25 as an example. That is, there are 25% of the SCN neurons sensitive to the external light, and this subset is located in the VL [14] . Similar to the case of full sensitivity to light (p = 1, Fig. 2 ), the range of entrainment increases with increasing μ (Fig. 4) . Different values of p and K f all show comparable results, which suggests that the increase of the range of entrainment with μ is independent of these two parameters. An important difference between full and partial sensitivity of the SCN to light is the entrainment range. For full sensitivity to light (p = 1) the range of entrainment is broader, indicated by a lower LLE, than when the SCN is only partial sensitive to light (p = 0.25). For example, the LLE can reach 20.5 h when the SCN is fully sensitive to light (Fig. 2) , while it reaches 24.5 h when it is only partially sensitive to light (Fig. 4) , with K f = 0.20 and μ = 0.2. This result can be explained by the fact that the light-sensitive VL part of the SCN can more easily be entrained to shorter external cycles than the lightinsensitive DM part [21, 22] . This indicates that more lightsensitive neurons would lead a larger range of entrainment, while more light-insensitive neurons would lead to a smaller range of entrainment [33] . In [33] , the entrainment ability increases with the value of p.
IV. ANALYSIS OF A SYSTEM WITH TWO COUPLED OSCILLATORS
In this section we will explain the dependence of the LLE on the dispersion μ by analyzing a two-oscillator system. The SCN is physically and functionally divided into two subnetworks, i.e., the VL and DM, where the DM runs faster than the VL [20] . In this section we assume that the VL/DM both act as single oscillators, and the VL oscillates with a lower frequency than the DM.
The system composed of two oscillators is described by the Poincaré model as follows:
where ω = 
Considering the averaging method developed by Krylov and Bogoliubov as used in [11, 41] , φ has a lower time scale than t. Letting α = φ a − φ b , we get
where · denotes the average in one light-dark cycle. Substituting Eq. (7) into Eq. (6) we obtain
For simplicity we keep the nonaveraged notation r a , r b , φ a , and φ b in the following. When the SCN is entrained to the light-dark cycle, we haveṙ a = 0,ṙ b = 0,φ a = 0, andφ b = 0. Equation (8) is simplified as
In the previous section we have shown that the order parameter R ≈ 1, i.e., the phase difference among neurons is trivial, and the phase difference φ of the SCN to the light-dark cycle is close to π , in the case of μ 0.1 (Fig. 3) . To obtain more information, we investigated the phase difference of each oscillator to the light-dark cycle, with N = 2 and μ 0.1 (Fig. 5 ). The phase difference of both oscillators with respect to the phase of the light-dark cycle is approximately π , which implies that the phase difference α between both oscillators is small and the phase difference φ of the combined oscillators, representing the SCN, to the light-dark cycle is close to π . This finding is in accordance with the simulation results (Fig. 3) . When we consider the phase differences φ a and φ b in more detail, φ a shows little dependence on the dispersion μ and is always close to π , whereas φ b has a negative relationship with the dispersion μ (Fig. 5) . In the following part of this section, we assume that the phase difference φ a is a constant π . We desire to give an intuitive explanation for the results shown in Figs. 5 and 3. The value of is related to the intrinsic frequency, the coupling term, and the light term of the second equation in Eq. (7). The maximal contribution of the light term to = LLE under the condition cos φ a ≈ −1, i.e., φ a ≈ π . Similarly, for = LLE for the fourth equation in Eq. (7), φ b = φ a + α ≈ π . Furthermore, the phase difference between the oscillators α needs to be small to make φ b ≈ φ a ≈ π . A small value of α is in accordance with the order parameter R ≈ 1 [ Fig. 3(a) ].
Let r a = r b + δ. α, δ, and K f are assumed to be small compared to A 0 . In the following we approximate α, δ, and K f to the second order, and take φ a ≈ π [see Fig. 5(a) ], under the condition when the SCN is entrained to its LLE. So Eq. (9) can be changed as
Solving Eqs. (10) and (12) we obtain
, so we get
Substituting Eq. (16) into Eqs. (14) and (15) we can rewrite r a and r 2 a as
Letting Eq. (13) − Eq. (11) we get
From Eq. (18) we obtain
Substituting Eqs. (17) and (16) into Eq. (19) we get
Omitting the terms with the third order and higher for α, for ω and for K f , Eq. 
| μ→0 > 0. Therefore, we have proven that there is a positive relationship between LLE and the dispersion μ of intrinsic periods of SCN neurons, provided that μ is small.
V. DISCUSSION AND CONCLUSION
The main circadian clock, situated in the SCN, shows free-running cycles of about 24 h under constant darkness, and can also be entrained to external light-dark cycles that do not differ too much from 24 h. The free-running period and range of entrainment vary among species. Our previous work [31] gave an alternative explanation for the diversity of free-running periods and proposed that the diversity of the free-running period is caused by the dispersion of coupling strength. So far, no theoretical work has been performed to explain the diversity in entrainment range between species. In this paper we studied the range of entrainment based on dispersed intrinsic periods of neurons using the Poincaré model. Both our numerical simulations and analytical results showed that there is a positive relationship between the range of entrainment and the dispersion of intrinsic periods of SCN neurons. This could provide an alternative explanation for the diversity of entrainment ranges, i.e., species where the intrinsic periods of the SCN neurons are more dispersed have a broader range of entrainment. We have also investigated the effect of dispersion of intrinsic periods on the free-running period, and found that the influence is very small. In conclusion, our work suggest that the entrainment range is influenced by the dispersion of periods among SCN neurons. By the use of the Poincaré model this analysis is not limited to the field of circadian rhythms, but also applies to other systems, such as the synchronous flashing of fireflies.
